Calculations on the dipole moment of NH 2 (CH) 24 NO 2 are consistent with earlier calculations and show that varying the differences between α values for atoms with different atomic numbers has only short-ranged electrostatic effects.
I. Introduction
Molecular density-functional theory (DFT) [1] and ab initio quantum chemistry [2] differ. Broadly speaking DFT methods require numerical integration, which is their bottleneck, while Hartree-Fock (HF) -based methods do not, instead requiring analytic four-center two-electron integrals, which are their bottleneck. The completely numerical approach to DFT is well established and even practical for small molecules [3] .
Approximating orbitals as a linear combination of atomic orbitals (LCAO) is more generally useful because the possible variational space of molecular wavefunctions is sharply reduced [4] . Using Gaussians in ab initio quantum chemistry has the added advantage of precise analytic integrals [5] . This tremendous reduction in variational freedom becomes useful only through understanding of what types of orbital variational freedom are essential for describing various chemical processes [2] . A good generalpurpose orbital basis set for chemical problems today has a single basis function, which is a fixed contraction of fewer than ten primitive Gaussians of the correct atomic angular momentum for each core orbital. The valence orbitals are often split into two or three parts, respectively, double-zeta (DZ) and triple-zeta (TZ), which together contain roughly the same number of primitive Gaussians as the corresponding core orbital. One also routinely uses polarized basis sets, DZP and TZP, which include a complete shell of atomic orbitals that have angular momentum one unit higher than is occupied in the atom.
Thus each angular momentum component about any atom of each non-core molecular orbital has one, two or three degrees of variational freedom. Of course, considering all angular momentum components about all atoms the dimension, N, of the variational freedom of a molecular orbital for a reasonably sized molecule still can become quite large. The size of the primitive basis is roughly twice as large, ~2N. In Hartree's simplest self-consistent-field (SCF) model of electronic structure the electronic wavefunction is a product of molecular orbitals. The square of each orbital gives its charge distribution. The total electron-electron interaction is expressed in the prescription of DFT as the self-Coulomb energy of the entire electronic density less the self-Coulomb energy of each molecular orbital. The sophisticated ab initio electronicstructure calculations of today consider (multiple) Slater determinants rather than product functions and additional terms in the Hamiltonian. Thus all ab initio SCF calculations scale as N 4 and higher and are extremely challenging for large molecules and materials using DZP and TZP basis sets.
If the LCAO approximation is good for fitting the molecular orbitals, then it is good for fitting the Kohn-Sham (KS) potential [6] . Such a method scales as N 3 [7] , but the fit of the KS potential must be as good as the fit to the molecular orbitals, which are variationally determined. Variational fitting treats the analytic KS potential on an equal footing with the analytic orbitals [8] .
The central field approximation is the starting point of every numerical description of atoms [9] . In this approximation the SCF is spherically symmetric and the atomic orbitals are eigenstates of angular momentum. Thus it is a good approximation to fit the KS potential to overlapping s-type functions about each atom [7] . One cannot go one step further, though, and muffin-tin the KS potential, which is to fit it to sphericallysymmetric form in touching (or overlapping) spheres about each atom and to a constant in the region between spheres. Such fitted KS potentials are discontinuous and thus cannot be associated with a meaningful DFT energy. If one does not have a good energy, then the essence of quantum chemistry, the variational principle, cannot be used. If DFT, which is in principle exact, were compatible with a muffin-tin KS potential then unique variational quantum chemistry would be possible. As the bond distances in any molecule grow the muffin-tin spheres grow ultimately giving an exact description of each atom in the molecule as the entire wavefunction becomes completely contained in atomic spheres.
No other quantum chemistry method is both practical for molecules and precise for dissociated atoms. That was the promise of the Xα Scattered-Wave method [10] . In that Xα implementation, each atom in its muffin-tin sphere can have its own parameter α that scales Slater's density-functional expression for the average electronic exchange energy [11] ,
where ρ(r) is the charge density and angular braces indicate integration over all space, towards the variational value, which is two thirds as big [6, 12] . This is the non spinpolarized expression. For spin-polarized exchange energies, this expression is repeated for each spin, with and one obtains the energy of Eq. (1) if both spin densities converge to identical densities.
It is possible to combine an LCAO treatment of the KS potential and associate different α values with different atoms in a method that has a continuous KS potential and is variational. This economical approach to electronic structure is analytic densityfunctional theory (ADFT) [13] [14] [15] . It requires no numerical grid at all. Its variational parameters are 10's of LCAO coefficients rather than 100's of plane-wave coefficients or numerical values at 1000's of points per atom per molecular orbital. Therefore matrix elements and thus the total energy can be computed to machine precision. This approach enables calculations on the largest molecules that be treated using an all-electron TZP basis set [16] . Its functional form is restricted but its space of atomic parameters is rich.
The potential of ADFT can be assessed through comparison to experiment and other theoretical methods.
If atoms of different elements have different α values that extra dimension will not only affect the binding characteristics of molecules, but it will also affect the distribution of electrons within heteronuclear molecules. This will have perhaps its largest affect on dipole moments. The exchange energy, Eq. (1), is negative. If the α value of an atom is increased electrons lower their energy by moving onto that atom.
Similarly, decreasing its α value will drive electrons away from an atom. The dipole moments might be so sensitive as to make the added dimension of element-dependent exchange in ADFT of no practical use. This work tests that possibility. While properties, including the dipole moment, are better if a bigger, more diffuse basis set is used for their computation than is used for geometry optimization [17] , basis-set limit dipole moments [18] are not required for this assessment. The analysis is simpler if a single basis set is used for everything, particularly so, given our need for three basis sets in addition to the orbital basis set. compares with another calculation [19] . The final section contains concluding remarks.
II. Variational fitting
One kind of electron-electron interaction that can be treated with ADFT is the self Coulomb repulsion of the electronic density,
where the Coulomb interaction, 1/r 12 , is indicated by the vertical line. As the density is the sum of the magnitude squared of occupied orbitals, this term can be treated directly in an N 4 LCAO method. Alternatively, given any approximation, c(r), to ρ(r) a unique approximation to E C [8] ,
contains no first-order error, relative to Eq. (2), due to using the fit, c, to construct the approximate energy. An energy that is free of first-order errors is said to be robust [20] .
Only robust energies can be made stationary, in this case with respect to variation, δc(r), of the value of c(r) at any position r. This energy is stationary if 
The calculus of variations with respect to all but the density yields, 
Note, the solution from the calculus of variations is unique, were we to solve multiplied by 2/3, has been used to obtain perfectly smooth ADFT potential energy surfaces using Gaussian basis sets [22] .
Different uniform α values in the Xα method could be handled by multiplying Eq. (5), overall, by another α or equivalently ρ in Eq. (5) by α 3/4 . In the following, the character α without superscript will be used to mean either or both of those possibilities and a function that can act on the LCAO density. An operator expression is needed when α is divided according to the centers of both of the orbital basis functions that appear in each term of the LCAO density. Even in that case, the calculus of variations ensures that
x is approximately the cube root of the appropriate quantity. As atoms separate the product of orbitals on different centers dies off as rapidly as the product of the two most diffuse Gaussians on the two centers. At infinite separation the molecular energies become the sum of the atomic energies given only by the α value that we choose for the subset of two-center densities that share a common atomic center. In a recent ADFT realization each orbital basis function in the density is multiplied by the 3/8 power of α chosen for the corresponding element [13] . Then each nonzero two-center density with different atomic centers has α value corresponding to the geometric average of the two atomic values for each center. At large separations the two, different-center LCAO density components are zero, but there can be still long-range forces due to charge transfer, rarely if ever in a spin polarized calculation, or static dipoles on each atom, which can happen always.
The ADFT total electronic energy is,
where n i is the occupation number of orbital φ i (r) and ĥ is the one-electron part of the electronic Hamiltonian. In the following c, x, and y are single-center LCAO expressions and ρ is the two-center LCAO expression. Note that α multiplying Eq. (1) corresponds to α 3/4 in this expression.
The derivative of the energy with respect to orbital coefficients, i C µ , in the LCAO expression for each molecular orbital,
where repeated indices are to be summed, yields the analytic Fock matrix,
in the orbital basis with c and x, respectively, the LCAO fitting coefficients for the charge density and exchange-correlation part of the KS potential. C and X are the corresponding three-center Coulomb
and overlap, exchange matrix elements,
which includes the factor 4κα/3 to make Eq. (10) 
Using Schwarz' historical HF α values [23] and standard orbital and fitting bases this gives a mean absolute error (MAE) for atomization energies of a standard set of 56 molecules [24] ranging from 15 to 20 Kcal/mole using various fitting an orbital basis sets [13] . Alternatively one can choose α to give the exact atomic (EA) energies for each element and basis-set combination. This gives a MAE on the total energy of these molecules that is a good as the best hybrid density-functional methods [15] . Because the α values are adjusted to get the exact atomic energies for each basis set the spread in MAE of atomization energies is much smaller16-17 Kcal/mol. If the α's do not vary too much from element to element as they do if, for example, they are chosen to given exact homonuclear diatomic molecule binding energies [25] , then ADFT is computationally stable and reliable for energies. Thus, it is appropriate to look at another property, the dipole moment.
III. Dipole Moments of the Extended G2 Set of Molecules
Symmetry is used to compute molecular dipole moments,
as efficiently as the energy [26] and its gradient [27] . 
This theorem means that self-consistent-field (SCF) integrals, derivatives and dipole moments need only be evaluated for symmetry-distinct bra-ket atomic pairs of LCAO basis functions. For the small molecules considered in this work the dipole moment is computed extremely rapidly even without this efficiency. The dipole moments are computed in the Cartesian basis [29] and transformed by a matrix multiply [30] to the solid spherical harmonic basis of the ADFT calculation. There are only two orbital basis indices in Eq. (18), so the computer time need to compute the dipole moment in any manner is insignificant.
Fitting is well established in quantum chemistry and there are many choices for orbital bases and several choices for fitting basis sets. A package, A2, of basis functions for c(r) and x(r) (for fitting the VWN local-density functional [31] ) was optimized [32] for use in DGauss [33] with a valence DZP orbital basis set DZVP2. We use this DZP orbital basis and 6-311G** [34, 35] give a stationary energy is not necessarily stationary and therefore potentially less reliable than the total energy. It is important to examine the dependence of dipole moments on 13 ADFT models. This work considers variation over the subset of molecules from the extended G2 set [38] , whose symmetry allows a nonzero dipole moment. They are listed in corrected. These differences are Jahn-Teller-like energy differences and do not significantly lower the variational energies and thus do not significantly affect the conclusion of our previous work, but they do significantly affect the dipole moments.
We say Jahn-Teller-like in this context because atoms and diatomic molecules cannot distort to remove degeneracy, but their ADFT density will distort to remove degeneracy unless constrained to be symmetric [26, 40] .
The third column in Table I gives the TZP (6-311G**) B3LYP [41, 42] dipole moments computed using Gaussian03 [43] . All dipole moments are given at the optimized geometry for each basis set and method. All ADFT calculations start at one molecular geometry and superposed spherically symmetric atomic KS potentials from which the calculations converged to the desired structure. The listed molecular symmetry is used in all ADFT calculations. The ADFT results are given in the last three columns. HF α values are those that give the numerical HF energy for each element [23] .
Exact atomic (EA) α values give experimental atomic energies when used in ADFT atomic calculations [15] . Optimized (Opt) α values minimize the MAE DZP/A2 error in atomization energies of the extended G2 set of molecules [39] . Table II lists the error in the magnitude of the dipole moments using different fits for exchange-only DFT. The dipole moment is a vector quantity. We compare magnitudes of the dipole moments. For small dipole moments we will underestimate the error of dipole moments that change sign or direction, but this is not a concern for the large differences that dominate our measures of correlation. The first column gives the difference between an N 4 calculation and a calculation using the DGA1 charge density fitting basis (with DensityFit keyword) and the TZP orbital basis of Gaussian03. These Table IV) . Table III assumes B3LYP/TZP to be a possible target for ADFT. In the second column ADFT with exchange only, α=2/3, and the TZP/RIJ basis combination is compared to this target. The third column uses the same methodology, but with α = 0.7 [4] . This is slightly different from the best uniform α, 0.7065 for basis TZP/RIJ and 0.698 for basis DZP/A2 obtained by minimizing the mean absolute error (MAE) of atomization energies with respect to this parameter over the G2 set of molecules [14] .
Judging from mean error and MAE 0.7 is a better choice of α value than 2/3. On the other hand, judging from the extreme outliers 2/3 is the better choice. The third column uses the historical α values, which give the HF energies in numerical calculations [23] .
The fourth column uses the α values that give exact atomic energies for the TZP/RIJ basis combination [15] . The fifth column uses the α values that with the DZP/A2 basis combination minimizes the MAE of atomization energies over the G2 set of molecules [39] . All measures: mean error, mean absolute error, maximum error and minimum error indicate that B3LYP is closest to the uniform α ADFT models. Again all molecules that have the largest errors include second-row atoms. In this case they all include the highest atomic-weight atom chlorine for which gradients of the density, and perhaps gradient corrections in B3LYP, are the largest.
The optimum α values of the last column of Table III are absolutely well defined but are also a bit problematical. The most over-estimated dipole moment is for BeH.
There is only one molecule in the extended G2 set that has Be. So given an optimal α value for the set of hydrogen-containing atoms, the beryllium α value will be the value that exactly gives the BeH bond energy. A better choice would be to split the difference and miss the dipole moment less and the atomization energy more. This problem can be lessened without further limiting the differences in atomic α values that are allowed. A barrier that prevents coalescence in ADFT can be achieved simply by choosing the two-center α value to be the minimum of both atomic values.
Such a change will benefit EA calculations. They overestimate the atomization energy of the extended G2 set with a mean error of 25 Kcal/mole [39] . Lowering the two-center α values will reduce the molecular energy without affecting at all the one-center terms in the LCAO density that exclusively determine the atomic energies. Thus increasing the barrier to basis-set coalescence will also lower the EA mean error. The code has been changed, but this work reports on ADFT calculations as previously defined. Table IV is like Table III but takes experiment as the target for ADFT. The experimental data is from Ref. [45] . Only 83 of the 107 molecules of Table I Element-dependent exchange is a new, and perhaps useful, dimension in electronic structure calculations.
IV. Dipole moment of NH 2 (CH) 24 NO 2
ADFT works well for molecular standards, but would appear to have a problem, however, with long "conducting" molecules. Changing the value of α of an atom in a molecule makes it give or take electrons to or from the rest of the molecule. There might be huge effects on the dipole moment of two atoms connected by a long conducting wire if there is a relative change in the two values of α at the ends of the molecule. Undoped trans-polyacetylene is not a metal because of Peierls dimerization, the magnitude of which is underestimated in DFT, likely because of the underestimation of the HOMO-LUMO gap in DFT [46] . Similarly one would expect polarization to be overestimated in DFT [29] . Such an analysis is consistent with calculations [19] on the push-pull π-conjugated molecule NH 2 (CH) 24 NO 2 which show that DFT calculations greatly overestimate the dipole moment, polarizability, and hyperpolarizabilities of this molecule relative to HF-based MP2. The dipole moments from these calculations are given in the first two rows of Table V . The basis sets are not polarized and the α = 2/3 calculation is performed at the MP2 geometry. The DFT dipole moment is two and a half times as large as the MP2 dipole moment. This spectacular difference is perhaps even underestimated because the dimerization that one would find in a DFT optimization is expected to be less than the MP2 dimerization. The use of exact exchange via an optimized effective potential in a DFT method does correct this problem [47] , but this work is an assessment of ADFT, not DFT.
The ADFT dipole moments for NH 2 (CH) 24 
V. Conclusions
We have examined the performance of ADFT for predicting molecular dipole moments. The MAE in the dipole moment of the extended G2 set of molecules simply due to fitting the KS potential is less than 0. Table I . Nonzero dipole moments (in Debye) computed for the extended G2 set of molecules [43] using various methods. The molecular symmetry is that used in the ADFT calculations the results of which are given in the last three columns. The B3LYP dipole moments are calculated using Gaussian03 [34] . HF α values are those that give the numerical HF energy for each element [23] . Exact atomic (EA) α values give experimental atomic energies when used in ADFT atomic calculations [15] . Optimized (Opt) α values minimize the MAE error in atomization energies of the extended G2 set of molecules [39] . The last column gives experimental values [45] . TZP and DZP indicate, respectively, calculations using the 6-311G** [34, 35] and DZVP2 [32] orbital bases. RIJ is the Turbomole non-s fitting basis for c [36] and A2 is the DGauss non-s c fitting basis [32] . 
